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CN , Abstract. Let L{E/Q, s) be the L-function of an elliptic curve E defined over 

the rational field Q. We examine the vanishing and non-vanishing of the central 
^^ I values L{E, 1, x) of the twisted L- function as x ranges over Dirichlet characters 

i~^, ' of given order. 
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1. Introduction. 



Let E/Q be an elliptic curve defined over the field Q. Denote by 



L{E/Q,s) = J2 



a„ra ^ 



>■ ' n>l 

f--. ! its L-function. 

By the proof |BCDT] . |TW] of the modularity of elliptic curves over Q, we know 
that L{E, s) has an analytic continuation for all s G C, and satisfies the functional 



C^ . equation 



A{E,s) = WEAiE,2-s) 



^ ■ where A(E, s) = {^fN^/2TiyV{s)L{E, s), Ne is the conductor of E/Q, and we = 

^'\ ±1. 

For a primitive Dirichlet character x of conductor f^, the twist of L{E/Q, s) by x 
is 

"'" ' (n)a„n 



L(E,s,x) = 5^x(^ 



n>l 



Then we also know that the L-function L{E, s, x) has an analytic continuation and 
if f^ is coprime to Ne, satisfies the functional equation 

A{E, s, x) = wex{Ne)t{x)X'A{E, 2-s,x), 



^^This work was supported in part by grants from NSERC and FCAR. 
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where A{E,s,x) = {fxV^E/'2'n'YT{s)L{E, s, x) and r(x) is the Gauss sum 

fx-i 

c=0 

We consider the question of the vanishing or non-vanishing of L{E/Q, s, x) at s = 1 
as X ranges over sets of Dirichlet characters of fixed order. For integers n > 1, let 
^{n) denote the set of primitive Dirichlet characters of order exactly equal to n, 
i.e. 

^{n) = {xlx" = Xo and x'^ t^ Xo ior d < n }. 
where xo is the principal character. 
Given n a positive integer and X > 0, we consider 

dE{n, X) = dUn, X) = #{x e ^{n) | f^ < X and L{E, 1, x) = 0}, 

or more generally 

^E^n^X) = #{x G JTH I f^ < X and ord,=iL(E, s, x) > r}. 

These functions have been extensively studied in the case that n = 2, and there 
are many results and conjectures that describe 5^^(2, X) as X ^ oo. Some of these 
will be reviewed in §2. 

Given a Dirichlet character x, let Ky^ be the cyclic extension of Q (of conductor f^) 
which corresponds to x- We write K^ = K when the character x is understood. 

The Birch & Swinnerton-Dyer conjecture equates the order of vanishing of L(i?/Q, s) 
at s = 1 to the Z-rank of the Mordell-Weil group -E(Q). More generally (see 
|Rohj ). the order of vanishing of L{E/Q,s,x) at s = 1 is conjectured to be the 
rank of the "x-component" E{K)^ oi E{K), where K = K^. Here T8inkiE{K)^ = 
dime (C0E{K)) is the dimension of the x eigenspace of 'C®iE[K) as a Gal(Q/Q)- 
space. 

The algebro-geometric version of vanishing (resp. non- vanishing) of L(£'/Q, 1, x) is 
whether the x-component E{K)^ of E{K) has postive rank (resp. rank^ ii^(i^)^ = 
0) as K^ ranges over the corresponding cylic extensions of Q. This amounts to 
asking whether or not rank j^E{K^) > rajikz E{F) for all proper subfields F C K^. 
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We rely on Kato's important result generalizing Kolyavagin's theorem |Kol] which 
asserts that if the ^-component of E{K^) has positive rank, then L{E/Q, 1, x) = 
(see Scholl |Sch] .) 

Suppose that x is a character of prime order i, K = K^ is the field corresponding to 
X, and let V = E{K) ®z Q- Then V is a representation space for G = GaA{K/Q) 
with diniQ V = rank iE{K). Since G is a cyclic group of prime order, the Q- 
irreducible characters of G are the trivial character xo and an irreducible of degree 
£ — 1 containing all the conjugates of x- Hence if rankzElK) > rank^ -E'(Q), then 
the x-'-component of E{K) has positive rank for each j = 1, ...,£— 1. It follows 
from Kato's theorem (Kolyvagin [Kol] . ii i = 2) that if rank ^-E (-ft') ^ > for a non- 
trivial character of prime order i, that L{E/Q, 1, X"') = for each j = 1,...,^— 1. 
In this context, it will follow from a modular symbol computation in §3 that if 
L[E/Q, l,x) = for a single character of order i then L{E/Q, 1,X'') = for all 

In this paper we consider the case i > 3. Our main Theorems (proved in §3, §5 
and §6) are: 

Theorem A. // L{E/Q, 1) ^ 0, then for all but a finite number of primes £, 
the number of non-vanishing twists by Dirichlet characters of order i and prime 
conductor satisfies 

#{XG Jr(£)|fx=p pnme < X, L(i?, 1, x) ^ 0} » X/ log X 

Theorem B. Let E be an elliptic curve defined over Q, and let L{E,s) be the 
associated L-function. If there is at least one character xi = Xo? orxi G .^(3) such 
that E{K^^) is infinite, then there are infinitely many cubic characters x ^ =^(3) 
such that L{E, 1, x) = 0. 

Theorem C. Let E be an elliptic curve defined over Q with at least 6 rational 
points. Then there exist infinitely many x ^ ^(3) such that the rank of the 
Mordell-Weil group rankzElK^) > raiikiE{Q). As a consequence, there are in- 
finitely many cubic characters x ^ ^{3) such that L{E, l,x) = 0. D 

A random matrix model for the distribution of zeros of L-functions in families 
was introduced by Katz and Sarnak ( |KSj ) and was related to the distribution 
of eigenvalues of random matrices taken from classical groups. They proved that 
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the model held in the case of L-functions attached to certain families of curves 
over finite fields. This heuristic was applied by Conrey, Keating, Rubinstein and 
Snaith ( |CKRSj ) to give rather precise predictions for the frequency of vanishing 
of the central values of quadratic twists of elliptic L-functions with sign +1. In 
|DFKlj and [DFK2J , their work was adapted to predict the frequency of vanishing 
of L{E, l,x) of twists of the L-function by Dirichlet characters x of fixed order 
greater than 2. The predictions for ^E{n,X) as X -^ cxo become 

dEin,X)r^bEX'/Hog'''={X) if 0(n) = 2 
~log''^(X) if (j){n) = 4 
is bounded if 0(n) > 6 

where is Euler's totient and Be, aE, cc'e ¥" 0- These predictions compare favourably 
to the numerical computations reported in |DFK1] and [DFK2J . 

In §7 we will work out the case of a curves with rational 3-torsion, and for many 
such curves E/Q we will obtain the strong lower bounds 

2. The Quadratic Case 

If X is a real primitive character, i.e., if x^ = Xo; then x = Xo or % = (-^) is the 
character of a quadratic field Q(a/D), and f^ = D, a fundamental discriminant. 
In the latter case, L{E,s,x) is the L-function of the elliptic curve E^, the twist 
of E by D. Since x is real, the functional equation relates L{E,l,x) to itself 
and necessarily vanishes if the sign of the functional equation wed = —1. For 
a primitive quadratic character x, with (f^,^^;) = 1, the sign of the functional 
equation for L{E,s,x) is equal to x{~^e) times that of L{E,s). Hence we see 
that L{E, l,x) = for at least one half of such quadratic characters. It follows 
from the theorem of Waldspurger |Walj (see also Ono-Skinner |USj ). that there are 
an infinite number of quadratic characters x for which L{E, 1, x) 7^ 0. 

Gouvea-Mazur |GM] show, assuming the parity conjecture (that rank^ ii^(Q) of an 
elliptic curve, E, has the same parity as oTds=iL{E , s)) , that there are infinitely 
many twists D with Mordell-Weil groups of rank at least 2. They show (under the 
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parity conjecture) that 

^1(2, X) = #{x G Jr(2) I f^ < X, L{E, 1, x) = = L'{E, 1, x)} » X^/^-. 

Stewart-Top |STj have removed the parity conjecture in the Gouvea-Mazur result 
and obtain X^''^~^ {X^'^~^ for some special families of curves). Liem Mai [Maij 
proved that the number of cubic twists oi x^ + y^ = d for which the corresponding 
L-function has at least a double zero at s = 1 is ^ X^/^"*^, also assuming the parity 
conjecture. Goldfeld, |Gol] . conjectured that for a given elliptic curve E defined 
over Q, asymptotically one half of the quadratic twists L{E, s, x) of L{E, s) will 
have a simple zero at s = 1 and that asymptotically one half will be non- vanishing. 

Murty-Murty |MM ] and Bump-Friedberg-Hoffstein [BFHj have shown that 

L(E,l,x) = O^L'(E,l,x) 

occurs for infinitely many quadratic characters x- 

In the case of twists of L{E,s) by characters of higher order, i.e., by characters 
X of order i > 3, x assumes complex values and the functional equation relates 
L{E,s,x) to L{E,s,x)- Consequently, there is no longer a "forced" central zero 
due to the sign of the functional equation. It is an interesting question to determine 
the number of characters x^^ ^ given set of characters ^ for which L{E, 1, x) = 0. 

Rohrlich |Roh2j has shown that among all Dirichlet characters x with conductors 
supported on a finite set of primes, only finitely many can vanish at s = 1. Ste- 
fanicki jStej , Akbary |Akb] , and Murty |Mur] give various nonvanishing results for 
twisted central L- values and of particular interest is the result of Chinta [Chi] . 
which states that for sufficiently large prime q 

#{x|fx = g,^(i?,l,x) = o}«g'/«+^ 

3. Non- Vanishing of Twists of Prime Order 

Let i > 2 denote an odd prime number and suppose that E is an elliptic curve 
defined over the rational field Q. Let x ^ «^(^) be a Dirichlet character. We will 
demonstrate a congruence between the algebraic part oi L{E,1) and the algebraic 
part L{E, l,x)- In the case that L{E, 1) 7^ this will allow us to prove that for 
all but a finite number of primes i, there are infinitely many characters x ^ ^{€) 
such that L{E, 1, x) ^ 0. 
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Let / be the weight two modular form of level A^. We recall the properties of 
modular symbols following Mazur, Tate and Teitelbaum ( [MTT] ) . 

For a and (5 in the upper half plane, define a modular symbol {a, /3} as a linear 
functional on cuspforms / G S'2(A^)(= 5'2(ro(A^)) by 



{«,W = ^/ f{^)dz. 



For a fixed cuspform / G 5'2(A^), we will write {a, /?} for {a, /3}/. The properties of 
the modular symbol which are important for our purposes are summarized below: 

Proposition 3.1 (L-function relation). The L-series of a cuspform at its critical 
point can he expressed as a modular symbol 

L(/,l) = {oo,0}. 

Proposition 3.2 (Birch's Theorem). The value of an L-series twisted by a Dirich- 
let character can be expressed as a weighted sum of modular symbols 

^(/,1,X) = 4^ V x(a)|oo " 



' ^ a mod fx ^ '^ 



where t{x) is the Gauss sum. 



Proposition 3.3 (Hecke action). For an eigenform f of the Hecke operator Tp 
with eigenvalue a^ we have an action on the modular symbol as follows 

where 6{p) = if p\N and 6{p) = 1 otherwise. 

Proposition 3.4 (Integrality). There are non-zero complex numbers Q"^ depending 
only upon f such that 

A^(a, fx) '■= I ^ oo, — > ± < oo, -— > I /Q,^ are integers. 

In the case that f is the cuspform associated to an elliptic curve, then the numbers 
Q"^ are rational multiples of the periods of the elliptic curve. 
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Note that for 7 G To{N), and / G S2{To{N)), that {7(a), 7(/3)}/ = {a,/3}/. It 
follows that A'^^a, f^) depends only on the residue class of a mod f^. 

Since we consider characters x of prime order i > 2, they will be even characters 
(i.e. x(~l) = 1) s-^d we then take the positive sign. In what follows we write A 
for A+ and Q for fi+. 

Following Mazur, Tate and Teitelbaum ( |MTT] ) define the algebraic part of L(/, 1, x) 
to be 

a mod j^ 

where f2 is a non-zero rational multiple of the real period of E independent of x 
as above and A(a, f^) G Z. 

Let [ be a prime dividing i in the cyclotomic field Q(0) of ^-th roots of unity and 
let X ^ <^(^) be a Dirichlet character with conductor f^. Then 

x(a) = 1 mod I when (a, f^) = 1 
X{a) = when (a, f^) ^ 1. 

So 

Y^ x(a)A(a,y= Y A(a,fx)modl. 

a mod f^ a mod f^ 

(a,fx)=l 

Fix a cuspform / G 6*2 (A^), let 

a mod t 
(a,m)=l 

For a character of order i and conductor fy. we have 

L^is(/,i,^)^5^^(yniod[. 

Theorem 3.5. Let f G 5*2 (A^) 6e a simultaneous eigenform for all the Hecke 
operators. Let x be Dirichlet character of order i and conductor f^, and let ip be 
a Dirichlet character of order i and prime conductor f^p = p with (fx,p) = 1- Let 
5{t) = 1 if {t, N) = 1 and zero otherwise. Then 

L^'^if, 1, x^) ^ (S - m - l)^'^''(/, 1, X) mod [. 
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// (y? is the Dirichlet character of order i and conductor P prime to f^ we have 
L»'^(/, 1, XV) = (ae - l)iae - 5(£))L'^'^(/, 1, x) mod I 

Since any character ip of order i and conductor f^ can be factored as a product of 
characters of order i either with prime conductors, or with conductor i"^, we can 
iterate the above resuh to obtain: 

Corollary 3.6. For f G S2{N) and X, V^ G ■^{i), if f^ is not divisible by i then 
we have 

L^'^(/, 1, x^) = L^Hf. 1, X) Uiap - 5ip) - 1) mod I. 



plfv 



or if I \ f^ 

L^'^(/, 1, x^) = ^"'^(/, 1, X){a, - l)(a, - 5(£)) JJlS - '^(p) - 1) mod I 

Proof of Theorem \3.5[ We consider the sums Smijn), Smpijnp), and S^p^irnp'^). 
Assume that {m,p) = 1. 

-p-i 



Sm{m) I Tp = apSm{m) = ^ 



a mod m 
(a,m)=l 



>^ A(a — um,pm) + 6{p)A{ap, 



m] 



u=0 



p-i 
y y ^ A(a — Mm, 



,pm) + (5(p) ^^ A(ap, 
Sm{pm) + 6{p)Sm{m). 



m) 



a mod m u=0 
(a,m)=l 



a mod m 
(a,m)=l 



Now 



Smipm) = ^ A{a,pm) 



a mod pm 
(a,m)=l 



^ A(a,pm) + >^ A{a,pm) 



a mod pm 
(a,pr7i)=l 



a mod pm 
(a,pm)=p 



'S'pmlP"^) + ^ A{bp,pm) 



b mod m 
(6,m)=l 
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= Spmipm) + Smim). 



So 



apSrn{m) = Spmipm) + Sm{m) + 5{p)Sm{m) 
Spmipm) = (ttp - 1 - 6{p))Sm{m). 

Taking m = f^, and noting that f ^ = p we have 

L^'^{f,l,X^) = Spm{pm) modi 
L-'^{f,l,x) = Sm{m)modl 

Therefore the first statement of Theorem 13.51 follows: 

L^'^if, 1, xi^) = (S - ^(P) - i)L''Hf, 1, X) mod [. 

To treat Smp^ijnp^) we apply Tp a second time. 



{Sm{fn) I Tp) I Tp = a^Smim) = ^ 



Now 



a mod m 
{a,m)=l 



■p-1 



y ^ A(a — um,pm) '' + 5{p)A(ap,m) '' 



u=0 



p— 1 p— 1 



y / ^/ ^ A(a — um — vmp, p^m) 



a mod m v=0 m=0 
(a,m,)=l 

p-1 



+ "^(p) /J y^((a — um)p,pm) 



a mod m v=0 
(a,m)=l 

p-1 



+ '^(p) /, y^-^iap — vm,p7n) + 6'^{p) >^ A(ap^, 

a mod m ii=0 a mod rra 

{a,m)=l {a,m)=l 

= Sm{mp^) + 5{p)pSm{m) + 5{p)Sm{pm) + 5{p)Sm{m) 



m] 



Sm{pm) = Spmipm,) + Smlm) 
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and 

Sm{mp^) = ^ A(a,p^m) 

a mod p^m 

(a,m)=l 



y^ A(a,p^m)+ ^ A(a,p^m)+ ^ A(a,p' 

lod p^m a mod p^m a mod p^m 

mp^)=l (a,mp^)=p {a,mp'^)=p'^ 

Smp2{mp'^)+ ^ A(6p,p^m)+ ^ A(cp^p' 
Smp2{mp^) + Smpimp) + Sm{m). 



^m) 



6 mod pm, c mod m, 

(6,mp)=l (c,m)=l 



-^^m) 



So 

alSm{m) = Smp^^mp'^) + Smpimp) + S'm(m) + 5{p)pSm{m) + 5{p)Sm{m) 
+ 5{p){Spmipm) + Sm{m)) 
= Smp2{mp^) + S'mp(mp)(l + (5(p)) + S'm(m)(l + 5(p)p + 25{p)) 

= Smp2{mp^) 

+ (ap - 1 - 6{p)){l + (5(p))^„.(m) + S„(m)(l + 6{p)p + 2,5 (p)) 
= Smp^mp^) + S'„(m)(ap + (5(p)ap - 5{p) + (5(p)p). 

Simplifying 

Smp^imp^) = [al -ap- 5{p)ap - 5{p)p + 5{p)] S^im) 
= [{ttp - l){ap - 6{p)) - S{p)p] Sm{m). 

Taking p = i we see that the second statement of Theorem 13.51 now follows as 
above. If ip is the Dirichlet character of order i and conductor i"^ = p^ prime to f^^ 
we have 

= [{ae - l)(a, - 5(£)) - 6ii)i] 5„(m) mod I 
= (a, - l)(a, - 6{i))L^'^{f, l,x) mod [. 

Therefore we see that the central value of a twist of L{E, s) by a Dirichlet character 
of conductor f^, with (f^,iV£;) = 1, can only vanish mod[ if either L^^^{E, 1) = 
(mod [) or if one of the factors (op — 6{p) — 1) or (a^ — l)(a^ — S{i)) vanishes mod [. 
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By Cebotarev's theorem, (see Serre |Serj ) we can find a positive density of primes 
p = 1 (mod i) for which the factors (op — 6{p) — 1) ^ (mod £). Therefore we 
have proved: 

Theorem 3.7. Let E/Q be an elliptic curve and let i be a prime. Suppose that 
L'^''S{E, 1) ^ mod i, then there is a set of primes, S , of positive density such that 
L{E, 1, x) 7^ for any characters x of order £ with conductor f^ supported on S. 

D 

The statement of Theorem |X] follows immediately from Theorem 13.71 

Theorem 3.8. Let E/Q be an elliptic curve such that L{E, 1) ^ 0. Then for all 
but a finite number of primes i, there is a set of primes Se of positive density such 
that L{E,l,x) 7^ for all characters x of order i with conductor f^ supported on 
Se. 

4. Vanishing Twists and Rational Points of an Auxiliary Variety 

Kato's result generalizing Kolyavagin's theorem |Kato] shows that if the x-component 
of E{K^) has positive rank, then L{E/Q, l,x) = 0. Thus, the algebro-geometric 
version of our question is whether the x-component E{K^)^ of E{K^) has positive 
rank or not, as K^ ranges over the corresponding cylic extensions of Q. In order to 
find points on E defined over some cylic extension K^, we will define an auxiliary 
variety of higher dimension whose Q-rational points correspond to points on E 
defined over some cylic extensions. The definition of this auxiliary variety can be 
done in a general context, and thus, we develop a general theory in the following. 

Let X be an algebraic variety defined over a number field k, namely, a geometrically 
integral scheme of finite type over Spec k. Let k be an algebraic closure of k, which 
we fix once and for all. We denote by Gk = Ga\(k/k) its Galois group. Throughout 
this section, a point means a geometric point, i.e., a /c- valued point. This is the 
same as a closed point of the scheme X x^ Spec k. 

Let G be a finite group of order n. By writing G = {gi,g2, ■ ■ ■ ,gn}, we fix a 
bijection between G and {1,2, ... ,n}. The left translation Lg : x ^^ gx induces an 
injective homomorphism from G to the symmetric group ©„, and we let G act on 
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the variety X" = X x ■ ■ ■ x X via this homomorphism. More precisely, define a 
permutation iig G 6„ by the formula ggi = gng(i), and define an action oi g E G hj 

g- {Pi, P2, . . . , Pn) = (P^^_,^^j,P^^_,^^j,...,P^^_,^^j). 

Let Y = X"/G be its quotient variety (cf. jM^ETl Ch. II, §7 and Ch. Ill, §12)]). It 
is obvious that the G-action on X" commutes with the Galois action on X". Thus, 
F is a variety defined over k. We denote by [Pi, ... , P„] the class of (Pi, . . . , P„) 
inF. 

Let (X")° be the open set of X" consisting of points whose stabilizer in G is 
reduced to the identity element. The group G acts on (X")° freely. Let Y° the 
quotient of (X")° by G. 

Lemma 4.1. A point [Pi, ... , P„] in Y° is a k-rational point if and only if there 
is a Galois extension K of k such that 

(1) for all i, Pi is defined over K , and 

(2) there is an injective homomorphism p : GaA{K/k) -^ G such that 

(a(Pi),...,a(P„)) = p(a)-i-(Pi,...,P„) 
for alia e Ga\{K/k). 

Proof. Suppose [Pi, . . . , P„] G F° is a k-Ta.tional point. This is equivalent to say 
that for any a G Gal(A;/A;) there exist g^ E G such that (cr(Pi), . . . , cr(P„)) = 
g^ ■ (Pi, . . . ,P«). We first claim that g^ is unique. Indeed, if g'^ is another ele- 
ment satisfying the same property, then g~^g'„ fixes the point (Pi, . . . ,Pn)- But 
G acts freely on (X")°, which implies g'^^g'^ is the identity. We thus have a 
map Gdl{k/k) -^ G given by cr i-^ g^^. It is easy to see that this is an anti- 
homomorphism; i.e., we have g^r = grga- Thus we obtain a homomorphism p by 
defining a \-^ g^^. 

Let Stabfe(Pi) denote the stabilizer Ga\{k/k) on X. We claim that StabA:(Pi) = 
Stabfc(P2) = ■ ■ ■ = Stabfc(P„). To show this choose h E G such that gi = hgi, and 
let r be any element of Stabfc(Pi). Then the first coordinate of r/i(Pi, . . . , P„) is 
T{Pi), while the first coordinate of /ir(Pi, . . . , P„) is Pj. Since r and h commute, 
we deduce that T{Pi) = Pi. This shows that Stabfc(Pi) is contained in Stabfc(Pj). 
Exchanging the roles of 1 and i, the same argument shows that Stabfc(Pj) is also 
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contained in Stabfc(Pi). This shows that Stabfc(Pi) = Stabfe(Pj) for any i. It fol- 
lows that Stabk{Pi) is the kernel of the Gal(A;/A;)-action on the set {Pi, . . . ,Pn}- 
In particular, Stabfc(Pj) is a normal subgroup of finite index in Gal(A;/A;). This 
implies that there is a Galois extension K/k such that Stabfe(Pj) = Gal{k/K). 
This means that Pj is defined over K for all i. Since Stabfc(Pj) is also the kernel 
of the homomorphism p, we have an injective homomorphism p : GaA{K/k) ~ 
Gal(A;/A;)/ Gal(A;/7^) -^ G induced by p. This homomorphism p satisfies the con- 
dition (2). D 

Next we consider the case where X is an abelian variety A. For any X, the diagonal 
D = {(P, P, . . . , P) I P G X} of X" is a subvariety on which G acts trivially. If 
X = A is an abelian variety (or more generally, a commutative group variety), 
then D is a subgroup of A"', and we may define the complement D of Z^ in A"' to 
be 

D = {{P,,P2,...,Pn)\EP^ = 0}. 

i=l 

Then D is a subgroup of A^ invariant under G-action. We have {D x D)/G = 
D X (D/G) ~ A X (D/G). Moreover we have a degree n isogeny ip given by 

if : A"" — > DxD 

(/ n ™ \ / " 

E ^., • • • , E ^0 ' (nPl -EP^,■■■,nPn-EP^ 
\=1 i=l / ^ i=l 

Its dual isogeny ip' : D x D ^ A"' is given by 

if' : DxD — > A'- 

((P, . . . , P), (Pi, . . . , P„)) ^ (Pi + P, . . . , P„ + P). 

Since ip and (/?' commute with the G-action, we take the quotients by the G-action 
and obtain two maps 

^■.Y ^Ax (D/G), ^' -.Ax (D/G) -^ Y 

such that ip' o^ is the map [n] induced from the multiplication-by-n map [n] of A". 

Remark 4.2. Just as the regular representation of G decomposes to a direct 
sum of irreducible representations, the permutation action of G on A"- decomposes 
to a direct product of abelian varieties with irreducible G actions, though the 
decomposition is only up to isogeny. 



i=l 



\n 
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5. Vanishing of Cubic Twists 

Let E be an elliptic curve defined over Q. The goal of this section is to prove 
Theorem [Bl To do so, we will prove its algebro-geometric version Theorem [B1 and 
then apply Kato's theorem to conclude the vanishing of the corresponding twisted 
L-functions. 

Theorem B'. Let E he an elliptic curve defined over a number field k. Suppose 
that there is at least one cyclic extension K^/k of degree dividing?) such that E{Kq) 
is infinite (possibly Kq = k). Then TankiE{Kx) > lanki E{k) for infinitely many 
cyclic cubic extensions K\/k. 



In order to prove Theorem [B], we apply the results of the previous section to the 
case where X = E, and G is the symmetric group 63 or its alternating sub group 
2I3, which is a cyclic group of order 3. 

Let D = {{P,Q,R) \P + Q + R = 0}C E^. 63 acts on E^ in an obvious way 
and D is stable under this action. We have the maps 

D -^ 5/2I3 -^ 5/63. 

We denote the surace -D/2t3 by Se- 

Lemma 5.1. The set of k -rational points of Se consists of points of the form: 

(1) [P, Q, R], where P, Q, Re E{k) and P + Q + R = O, or 

(2) [P, P" , P^], where P is a point defined over a certain cyclic cubic extension 
K/k satisfying the relation P + P'^ + P'^ = O, where a is a generator of 
its Galois group Ga\{K/k). 

Proof. If [P, Q, R] is not the image of a fixed point of the 2l3-action, then the 
assertion follows from Lemma 14. 1[ A fixed point of the Sis-action is of the form 
[P, P, P] with 3P = O. [P, P, P] is defined over k if and only if P is defined over 
k. So, this is included in the first case. D 

Let K/k be any finite extension and let Tix/k '■ E{K) — ^ E{k) denote the trace 
map. The kernel 'KeiTi K/k C E{K) is the subgroup of points of E{K) of trace 
zero. The point satisfying the second condition of Lemma [5?T] belongs to Ker Trx/k- 

Lemma 5.2. The following are equivalent: 
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(1) rank zE{K) > mnk^ E{k), 

(2) E[K) contains a trace zero point of infinite order, 

(3) #(KerTr7i-/fc) = cx). 

Proof. Define the maps t and t' of abelian groups as follows. 

E{K) ^ E{k) ^KeiTi K/k -^ E{K) 

P ^ {TiK/k{P).nP-i:iK/k{P)) 

iQ,R) ^^ Q + R 

Then we see that t' o t = [n] and t o f = [n], where [n] is the multiplication-by-n 
map. Thus, we have 

rank z E{K) = rank z E{k) + rank z Ker Tix/k ■ 

The statement of Lemma follows immediately. D 

In order to give a concrete description of D/S^, we fix a Weierstrass model of E 
and consider it as a curve in P^. Namely, suppose that E is given by the equation 

E : y'^z + aixyz + a^yz'^ = x^ + a2X^z + a^xz^ + a^z^ . 

Then, as is well known, three points P, Q and R satisfy P + Q + R = O ii and only 
if P, Q and R are coUinear. Let (P^)* be the dual space of P^, namely, the space 
of all the lines in P^. For a point (P, Q,R) & D we denote by ipQR the line passing 
through P, Q and R. If P = Q = R, we understand that ippp is the tangent line 
to E passing through P. Consider the map 

TTo : D — > (P2)* 

iP,Q,R) ^ ipQR. 

It is clear that ttq is surjection and is invariant under the ©s-action. Thus we 
obtain an isomorphism D/&^ ^ (P^)*, which sends a class [P,Q,R\ of -D/©3 to 
the line ipQp. Now, ttq induces the map 

7r,:SE = D/Qi, -^ 5/©3 - (P')*- 

ttq is a covering map of degree 2 = [©3 : 2I3]. It is easy to see that 7Ti^{ipQR) 
consists of two classes, [P,Q,R\ and [P,R,Q]. In Se the classes [P,Q,R] and 
[P, R, Q] coincide if and only if at least two of three points coincide. In other 
words [P, Q, R] = [P, R, Q] if and only if ipQp is a tangent line to the curve E. This 
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implies that the double covering tti ramifies along the dual curve E* = {L E (P^)* | 
L is tangent to E }. E* is an irreducible curve of degree 6, and it has nine cusps 
corresponding to the tangent lines at nine infiection points of E. The surface Se 
thus have nine singular points of type A2. Let Se be the minimal desingularization 
of Se obtained by blowing up twice at each singular points. Summing all up, we 
have 

Proposition 5.3. The quotient surface Se = D/Ql^ may be regarded as a double 
cover of the dual projective plane (P^)* ramifying along the dual curve of E, which 
is an irreducible curve of degree 6. As a consequence the minimal desingularization 
Se of Se is a K3 surface. D 

Remark 5.4. If the quotient of an abelian surface A by a finite group G is bira- 
tional to a K3 surface, then its minimal desingularization is called a generalized 
Kummer surface. Se is thus a generalized Kummer surface. For more about Kum- 
mer surfaces see Katsura [Katj and Bertin fBer] . 

Write the equation of a generic line i in P^ in the form y = tx + u, using parameters 
t and u. The function field of (P^)* is then given by k{t,u), and the function field 
of D can be regarded as the splitting field of the cubic equation in x obtained by 
substituting y = tx + u in the affine Weierstrass equation 

y^ + aixy + a^y = x^ + a2X^ + a^^x + a^. 

The function field of Se = -D/2I3 is then the extension of A;(t, u) obtained by adding 
the square root of the discriminant A(u, t) of this cubic equation with respect to x. 
This implies that the surface Se is a minimal model of the surface defined by the 
equation 

52 = A(u,t). 

For simplicity we write the explicit result only in the case where ai = 02 = 03 = 0, 
a^ = A, and ag = B. 

Proposition 5.5. Suppose that an elliptic curve E is given by the Weierstrass 
equation y'^ = x'^ + Ax + B. Then the generalized Kummer surface Se is birational 
to the affine surface in A'^ = {(t,u,6)} defined by the equation 

(1) 5^ = -27u^ - At'^u'^ - (30At2 - 5ABy - At{At^ - 9t^ - 6A'')u 

+ 4:31^^ + AH^- 18 ABt'^-{AA^ + 27 B^). D 
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Remark 5.6. The surface Se possesses two obvious involutions, [P,Q,R] h-> 
[Q,P,R] and [P,Q,R] \-^ [~P,—Q,—R]. In terms of the equation ([1]) the for- 
mer corresponds to (t, u, 6) ^— *> (t, u, —6), while the latter corresponds to (t, u, 6) ^— ;> 

Consider the map i/ : E ^ Se given by P h-> [P, — P, O] . This is an injection, 
and we have an embedding v : E -^ Se- Let -Dy(£;) be the divisor associated with 
the image of v. Then the complete linear system |D,>(£;)| determines a pencil of 
curves of genus 1. Let vf : Se — > P^ be the map associated with the projection 
(t, u, 5) ^^ t. The fiber at t = oo corresponds exactly the image of the embedding 
P — ^ [P,—P^O], and thus the fibration vr coincides with the pencil above. Let 
TT : ^E -^ P^ be the elliptic fibration obtained in this way. 

Let Ct be the fiber of vr at the generic point t of P^. This is nothing but the curve 
of genus 1 defined over the function field k{t) given by the equation ([T]). 

The coefficient of u^ in the right-hand side of ([1]) is constant, namely, —27. Thus, 
the curve Ct has two points at infinity defined over A;(V— 3). In other words, if 
k contains v^— 3, Ct has a /c(t)-rational point and it is an elliptic curve over k{t). 
However, if k does not contain a/— 3, we do not know if Ct has a /c(t)-rational 
point, and if we can consider it as an elliptic curve. Instead, we need to consider 
its Jacobian Jt- 

Using an algorithm for calculating an equation of the Jacobian of the curve given 
by a quartic equation (see Connell fConj ). we see that Jt is given by the equation 

Jt : Y'^ = X^ + [At^ + 18Pt^ - 18AV - UABt^ - 27{A^ + 9P^))X 
+ (Pt^2 _ 4^2^10 _ 45^5^8 _ 270p2^6 ^ 135^2 ^^4 

- 54^(2^4^ + 9P^)t2 - 243P(A^ + 65^)). 

Proposition 5.7. The elliptic surface associated with the curve Jt has eight sin- 
gular fibers of type I3 located at t satisfying 

(2) t^ + ISAf^ + lOSBt^ - 21^ = 0. 

The Mordell-Weil group Jt{k{t)) contains an point of infinite order '-fi given by 

7i = f 1^ + bAt"^ - 9B, ^— ^t(t^ + 162At^ - 2916Pt^ - 2187^2)). 

' V 27 ' 243 ^ V 
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Proof. It is easy to determine the singular fibers using Tate's algorithm. Over 
fc(-\/— 3), Ct and Jt are isomorphic. Using an algorithm in |Con] . we can write an 
isomorphism which send one of the two points at infinity on Cj to the origin of Jj 
and the other to 71 . Using an algorithm in [Kuwj , we calculate the height of 71 , 
which turns out to be 3. This implies that it has infinite order. D 

Remark 5.8. We note that, if E does not have complex multiplication, then 
Jt(k{t)) is isomorphic to 

Z © Z/3Z © Z/3Z, 

and Jtik(t)) / Jt{k{t)) tors is generated by 71. All the points in Jt{k{t)) are defined 
already over k{E\^]){t) . We omit the proof since we do not need these facts in the 
sequel. 



5.1. Proof of Theorem [Bj. We begin by proving some lemmas that are necessary 
later in the proof. 

Consider the surface defined by ([1]) together with the fibration (t, u, 5) t— > t. Sup- 
pose we have infinitely many /c-rational points 7„ = (u„,to;'^n) for a fixed to- For 
each ra, the point 7„ corresponds to a class [P„, Q„, i?„] in 5*^. Let Kn be the field 
over which Pn, Qn and Rn are defined. We already know that Kn = k or Kn/k is 
a cyclic cubic extension of k. 

Lemma 5.9. Suppose there is a nonzero to such that the fiber Ct^ = 7r~-'^(to) is 
a good fiber having infinitely many k-rational points 7„ = (M„,to,^n)- Then the 
compositum of all Kn is an infinite extension of k. 

Proof. For each n, the cubic polynomial x^ + Ax + B — {tox + UnY in x factors into 
three linear terms over Kn- Conversely, finding a fc-rational point {u,tQ,6) on the 
surface (3) is finding u in k such that x^ + Ax + B — (tx + n)^ factors completely 
over some cubic cyclic field L. This is equivalent to finding a point (^1, ^2, ^3, t) on 
the curve given by 

^1 + 6 + 6 = t\ 

ei6 + 66 + Ui = A- 2tu, 

666 = u^-B. 

By eliminating 6 and u, we obtain a plane curve of degree 4. A calculation shows 
that this degree 4 curve is nonsingular if and only if to 7^ and t^ + ISAf^ + 
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lOSBt^ — 27^4^ 7^ 0. If that is the case, the genus of the curve is 3. Thus, by 
a theorem of Faltings, it has only finitely many /^-rational points for each fixed 
number field K. Therefore, the compositum of all Kn cannot be a number field of 
finite degree over Q. D 

In the case where k contains v^— 3, Lemma 15.91 and Proposition 15.71 proves the 
following statement, which is stronger than Theorem | 



Theorem 5.10. Let E be an elliptic curve defined over a number field k containing 
a/— 3. Then there exist infinitely many cyclic cubic extensions Kx such that the 
rank of the Mordell-Weil group iSinkiE{K\) > iaxikiE{k). D 

For the general case we need another lemma. 

Lemma 5.11. Let S be a smooth surface and C a smooth curve both defined over 
k. Let 71 : S ^ C be a fibration defined over k such that the generic fiber is a 
curve of genus 1 equipped with an involution l with a fixed point. Suppose that 
the set of k-rational points, S{k), is Zariski dense in S, then there exist infinitely 
many k-rational points P on C such that the fiber 7r^^(P) contains infinitely many 
k-rational points. 

Proof. Let n' : J —>■ C he the Jacobian fibration associated with n : S ^ C. There 
is a map f : S ^ J oi degree 4 defined over k sending a point P G S to the divisor 
class (P) — (i(P)). Since / is dominant, the image of S{k) by / is Zariski dense. 

By Merel's theorem on the bound for the torsion points defined over a number field 
on an elliptic curve ([Mer]), the set consisting of all the fc-rational torsion points 
of all the fibers is contained in a proper Zariski closed set. Thus if we denote 
by f{S{k)y the set consisting of all the points in the image of f{S{k)) that have 
infinite order, then f{S{k)y is still Zariski dense in J. This means that there are 
infinitely many /c-rational points P on C such that the fiber 7r'^^(P) contains points 
in f{S{k)y. For such P the 7r~^(P) contains infinitely many A;-rational points. D 



Proof of Theorem\B'[ Let Ko/k be a cyclic extension of degree dividing 3 such that 
E{Kq) is infinite. Let P G E{Kq) be a point of infinite order. First, we show that 
the set of fc-rational points in Se is Zariski dense in Se- 
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If Kq = k and P is defined already over k, then consider the set {[mP, nP] \ n,m & 
Z}. This is clearly a Zariski dense set in E x E. We thus assume that Ko/k is a 
cubic extension and P is defined over Kq, but not over k. Let cr be a generator 
of Gal(i^o/^)- Then R = Ti Ko/k{P) is a point defined over k. If i? is a point 
of infinite order, then we are in the previous case. If not, replacing P by nP if 
necessary, we may assume that Tixo/kiP) = O. 

We consider E{Kq) as an Endfc(-E) -module, and we claim that P and P" are 
Endfc(-E)-linearly independent, except when E has complex multiplication over 
Q(\/^) and k contains \/^. Suppose [a] and [/?] two nonzero endomorphsims of 
E defined over /c, and suppose we have the relation 

(3) [a]P+[(3]P'' = 0. 

Apply a to both sides of ^. Since a commutes with [a] and [/3], we have another 
relation 

(4) [a]P'' + \[3]{-P-P'') = 0. 
Eliminating P'^ from ([3]) and (jl]), we obtain 

{[af + [am + [Pf)P = 0. 

This occurs only when E has complex multiplication by Q(a/— 3). Moreover, since 
[a] is defined over k, a/— 3 must be contained in k. We thus verified the claim. The 
case where k contains V~3 has been treated already. In what follows we assume 



Next we claim that the subgroup {(nP, nP'^ , nP'^ ) | n G Z, P + P°" + P°" = 0} is 
Zariski dense in D. To do so, it suffices to show that {{nP, nP'^) | n G Z} is Zariski 
dense in E x E. Let F be the Zariski closure of this subgroup. Suppose F does 
not equal E x E, then P is a closed subgroup of dimension 1 in P x P. Let P° be 
the connected component of P containing the identity. We then have two isogenics 
(f)i and 02 from P° to P, corresponding to two projections E x E ^ E. Choose 
m G Z such that {mP^mP") is in P°. Let 0i be the dual isogeny of 0i. Consider 
the endomorphism 020i of P. Let d be the degree of 0i. Since 0i0i equals the 
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multiplication- by-(i map, we have 

0201 (mP) = 020101 (("^i',mP")) 

= 02 {{dmP, dmP")) (d = deg 0i) 

= dmP". 

This contradicts the independence of P and P'^. 

Since the projection map D -^ Se is a dominant map, the set {[nP,nP'^,nP'^ ] \ 
n G Z, P + P'^ + P'^ } is also Zariski dense in Se- We thus proved that ^^(/c) is 
Zariski dense in all cases. 

The fibration tt : Se -^ P^ constructed in §5.2 satisfies the hypotheses of Lemma lS.lli 
Thus, there exist infinitely many t G P^ such that the fiber vr~^(t) has infinitely 
many A;-rational points. In particular, we have at least one such t such that t 7^ 
and TT^^it) is a good fiber. Then Lemma 15.91 implies that there exist infinitely 
many different cyclic cubic extension K\ such that the elhptic curve E possesses a 
point Pa defined over Kx- 

In order to complete the proof we have to show that Pa has infinite order except 
for finite number of A. But this is true because the bound of the order of torsion 
points given by Merel's theorem depends only on the degree of the field. D 

6. Elliptic curves with at least 6 rational torsion points 

In this section we prove the following statement. 

Theorem 6.1. Let E be an elliptic curve defined over Q. Suppose that there are 
at least 6 points in E{Q). Then, for infinitely many cyclic cubic extensions K/k, 
we have rankz-E(-ft') > rankz£'( 



Proof. If -E(Q) has infinitely many points, then this is nothing but TheorenJB^ 
Suppose -E(Q) is finite. Then, by Mazur's bound for the torsion of elliptic curve 
over Q, either -E'(Q) is a cyclic group of order 6, 7, 8, 9, 10, 12, or it contains Z/4Z x 
Z/2Z as a subgroup. In view of Lemma [5^ it suffices to show that one of the fibers 
Cig of the fibration defined by ([T]) has infinitely many rational points. In the sequel, 
we work out in detail to give a particular fiber that have infinitely many rational 
points for the case where -E'(Q) has a point of order 6, or -E'(Q) D Z/4Z x Z/2Z. 
In the case of higher torsion points, we can prove it similarly to the 6-torson case. 
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The actual calculations, however, become more complicated, and so we omit it 
here. D 

6.1. Elliptic curve with 6-torsion point. Let us consider the universal elliptic 
curve having a point of order 6. It is given by the equation 

1/2 + (1 - \)xy - A(A + l)y = x^- A(A + l)x^. 

When A 7^ 0, —1 or —1/9, this is an elliptic curve and the point P = (0,0) is 
a point of order 6. The line passing through P, 2P and 3P is given by y = Ax. 
Consider the surface in A^ = {(t, u, S)} with the fibration vr : (t, u,6) ^—>- t and with 
parameter A: 

6^ = A{{tx + u)^ + (1 - X)x{tx + u) + A(A + l){tx + u) - x^ + A(A + l)x^), 
where A(/) stands for the discriminant of / with respect to x. 

We show that the fiber at to = -^ has infinitely many rational points. First, we see 
that it has two points {u,6) = (0, ±A^(A + 1)) corresponding to the line y = Xx 
we mentioned above. Choosing one of them, say (0, — A^(A + 1)), as the origin, we 
can convert the equation of the fiber Cx = 7r^^(A) into Weierstrass form using the 
method described in Connell fConj : 

(5) Cx:y^ + (8A + 2A2 + 2)xy - 4A(7A + 1)(A - 2)(A + ify 

= x^ - 2A(A + 1)(2A2 - 4 - X)x^ + 108A^(A + l)^^ 

-216A^(2A2-4-A)(A + 1)1 

Cx is an elliptic curve if and only if A satisfies 

A(l + 9A)(2A + 1)(A + 1)(A^ + 3X^ + AX^ + 1)^0. 

The point (0, A^(A + 1)) is sent to the point 71 = (2A(A + 1)(2A2 - 4 - A), O). 

Lemma 6.2. For all X E Q such that Cx is an elliptic curve, the point (2A(A + 
1)(2A2 — 4 — A), 0) is a point of infinite order. When X = —1/2, then Cx is not an 
elliptic curve, but (3/2, 0) is still a point of infinite order. 

Proof. We consider Cx as the curve defined over Q(A), and calculate wyi, n = 

1.2, ..10, 12. For all those n we observe that the denominator of the x-coordinate 
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of n7i does not vanish for any value of A except for A = 0. For A = —1/2, the group 
is isomorphic to Q^. Thus, it suffices to see that it is not a 2-torsion point. D 

6.2. Elliptic curves with Z/4Z © Z/2Z torsion. The elliptic curve 

y2 = x(x + /i^)(a; + A^) 

is the universal elliptic curve with Z/4Z © Z/2Z torsion ( |Knapp| ) . Without loss 
of generality we may set /i = 1 giving 

Ex : y'^ = x{x + l){x + X'^) 

with 4-torsion points 

±P=(s,±s(l + s)), ±P' = (-s,±s(l-s)) 
and 2-torsion points 

[2]P = (0, 0), [2]P' = (-1,0), Q = i-s^ 0). 

Ex is an elliptic curve for all A different from A = 0, ±1. 

Intersecting this curve with the line y = u + tx gives a cubic equation {tx + 
u)"^ = x{x + l)(a; + A^). Consider the surface in A^ = {(t, u, 6)} with the fibration 
TT : (t, u,6) ^—>- t and with parameter A: 

52 = A((te + uf - x{x + l){x + A')), 

where A(/) is again the discriminant of / with respect to x. 

For this case we show that the fiber tg = 1 has infinitely many points. Setting 
t = 1 and M = A^, the line y = x + X"^ passes through three torsion points 

P=(A,A(1 + A)), g = (-A2,0), -P-g = (-A,-A(l-A)). 

This triple of points gives rise to rational points (A^, ±2A^(A^ — 1)) in Ci, and we 
may proceed to convert the curve to Weierstrass form using the method described 
in Connell fConj . We then simplify it to obtain 

Ci:y^ = x^ + 27A2(7A^ - A^ + SA^ - 27)x 

+ 27A^(2A^° - 21A® + 204A'' - 826A^ + 1242A2 - 729), 
and a rational point 

(3(A^ + 16A2 + 3), ±27(7A^ + lOA^ - 1)). 
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The discriminant of Ci is 

-2^ 3^2 ^4(^ _ ^)2(^ ^ ^)2^3^4 _ ^4^2 ^ 27)3. 

Lemma 6.3. For all X & Q different from 0, ±1, the curve Ci is an elliptic curve 
and point (3(A^ + 16A^ + 3), ±27(7A^ + lOA^ — 1)) is a point of infinite order. 

Proof. Considering the fiber Ci as a curve over Q(A), this point is a point of infinite 
order, which can be verified by a hight calculation. Just as the case of 6-torsion 
points, Ci has a infinitely many rational points for all A 7^ 0. For A = ±1, the group 
is isomorphic to Q^. Thus, it suffices to see that it is not a 2-torsion point. D 

7. An Example - The Curve E37B. 

We now consider one of the curves of conductor 37 which is denoted 37 B in Antwerp 
Table |Ant j . and which has Weierstrass quation 

E 37B : y^ + y = x^ + x^ - 3x + 1. 

(In Cremona's tables |Crej . it is denoted 37 B3.) We decided to study this example 
because the computations of [Fea] indicated an unusually large number of twists 
by cubic characters x fo^' which L{E37B, 1, x) = 0. 

Substituting {x,y) by {x + l,y + 2x) in the equation above, we obtain another 
model of E 37 B: 

E : y'^ + Axy + y = x^ . 

Note that (0, 0) is a point of order 3. Intersecting the line y = tx + u with this curve 
E, we obtain an affine model of Se '■ ^^ = A{u,t) with the fibration {t,u,6) h-^ t. 
The fiber at t = is a singular fiber given by the equation 

6^ = ~u^{27u^ - 202m + 27). 

This curve has a Q-rational parametrization if and only if —(27^^ — 202^ + 27) is 
a square for some rational value of u. It turns out that when u = 7/9, it becomes 
(32/3)^. Using this solution, we can parametrize the fiber at t = 0: 

7r^ + 12r + 9 ^ 32(7r2 + 12r + 9)(3r2 + r - 3) 

9r2-12r + 7' (9r2 - 12r + 7)2 
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where r is the parameter. This means that the cubic equation u"^ + xu + u = x^ 
in X with u given by the above formula is a cychc polynomiaL Let ^r be a root of 
the cubic polynomial 

Fr{Z) = Z^-4:{7r^+12r+9){9r^-12r+7)Z-16{r^+l){7r^+12r+9){9r^-12r+7). 

Then, Kr = Q{^r,f) is a cyclic cubic extension of the field Q(r), and the point 

^ ^^'' > ^^^' 9r2 - 12r + 7 

belongs to E[Kr). A straightforward height calculation shows that Pr is a point 
of infinite order. 



Let a, h be relatively prime integers. By Silverman's result ( [Sil] ) the specializations 
of Pr to r = a/h have also infinite order except maybe for finitely many exceptions. 



The discriminant oi Kr/Q,{r) is 

210(7^2 ^ ^2r + 9f{9r'^ - 12r + 7f{?,r'^ + r - 3)1 

Let Ka/b be the specialization of K^ with r = a/h. Then, Ka/b has square discrim- 
inant dividing 

2^\7a^ + 12a + 9h^f{9a^ - 12ab + 7h^f{?>a^ + ah - ?>h^f. 

and the conductor of Ka/b is the square root of its discriminant. We let 

Hi = 7a^ + I2a + 9h^, H2 = 9a^ - 12ab + 7b^ , G = a^ + l?. 

We note that the resultants of any pair of ifi, H2 and G is supported only at the 
primes 2, 3 and 37. Hence, if p is a rational prime p 7^ 2,3 or 37, which divides 
H1H2 to the first power, then b^Fa/b{Z) is an Eisenstein polynomial at p, and 
therefore p ramifies (totally) in Ka/b/Q- 

On the other hand, if p divides 3a^ + ab — 36^, then we have 

H1H2 - 27G^ = 4(3a2 + ab - 36^) = (mod p), 

and thus 

b^Fa/b{Z) = Z^-108G^Z-A32G^= {Z + QGf {Z - 12G) (modp). 

It follows that the completion of Ka/b at the prime over p which contains Z — 12G 
is Qp and hence p splits completely in Ka/b- 
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Therefore we see that the conductor of Ka/b divides 2^^HiH2- But H1H2 is a 
separable binary form of degree 4 which is primitive. It follows from Stewart-Top 
( |STl Theorem 1]) that the number of squarefree values less than X of H1H2 is 
^ X^/"^. We note that distinct squarefree values of H1H2 yield distinct fields Ka/b- 

Therefore we have proved: 

Theorem 7.1. For the elliptic curve E37B, the number of cubic Dirichlet char- 
acters X for which L{E37B, 1, x) = satisfies 

dE{S, X) = #{x e^{3)\f^< X, L{E37B, 1, x) = 0} » X'^'. 

We note that the calculations done above for the curve E37B actually work for 
any elliptic curve E/Q with a Q-rational point P of order 3 and which satisfies the 
condition below. We send the point P to (0, 0) and express E in the form 

y'^ + 3Uxy + Ty = x^. 

where [/, T G Q. The fibre over t = 0, on the surface Se takes the form 

S^ = -27u^[u^ - (4?7^ - 2T)u + T^). 

This may be expressed as a conic in the variables z = 6/3u and w = u + 2U^ — T 

z'^ + 3w^ = 12U^U'^ -T). 

This is a curve of genus zero and may be paramterized over Q if a single rational 
point can be found. This occurs if and only if the right hand side is a norm from 
Q(\/— 3), i.e., if and only if U{U^ — T) is a norm from Q(V— 3). 

These curves give examples for which 3'£;(3,X) ^ X^/^ mentioned in the intro- 
duction. 
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